Layout decisions represent an important step in production planning as they significantly affect the efficiency of a facility. They typically follow after make-or-buy decisions and capacity planning of a firm, and belong to the lowest level in the hierarchy of tactical production decisions. Sequential decision making neglects however the potential interaction between consecutive planning levels and may lead to inefficiencies. We propose an approach to a simultaneous makeor-buy decision making and facility layout planning in the presence of multiple products. To this end, we introduce a generalization of the classical quadratic assignment problem that takes into account (i) the costs of outsourcing, and (ii) the impact of layout decisions on the production costs of individual products. We further propose a solution approach based on the linearization of the resulting model and derive basic properties of the optimal planning decisions.
Introduction
The tactical production planning can be divided into three different levels: The first level involves decisions about the production range, specifically about which products from the product line of the firm should be made in-house, and which should be sourced from external suppliers. The second level determines the production process and the necessary resources. The third level aims to locate resources within the firm's premises while seeking to minimize unproductive movement of material and employees in the production process -with the general objective of cutting throughput times and saving costs (cf. Tompkins et al., 2010) . A production site of the firm is typically referred to as facility (Reid and Sanders, 2007) . In general, the decision about the assignment of different objects to loca-tions within a facility is called a facility layout problem (FLP) (cf. Drira et al., 2007) .
The process of tactical production planning is organized hierarchically and therefore may neglect certain interactions between the different planning steps. For example, including an additional product into the production range typically increases the material flow within the production process. The additional material flow costs must not necessarily be attributed to the new product exclusively -as they may be determined to a certain extent by the existing facility layout, which has been tailored to accommodate the existing material flow. Attempting to minimize the material flow costs associated with each individual product is however likely to lead to conflicting choices with regard to the facility layout. Therefore, re-designing the existing layout to accommodate the entire production range would require seeking a trade-off between the material flow costs related with all of the products. The material flow costs of the resulting optimal layout that go beyond the total of the material flow costs which would have been generated by the production of each individual product in isolation from the others on the respective optimal layout, can be defined as complexity costs of facility layout (Gössin-ger, 2008) .
In the present work we propose an approach to a simultaneous make-or-buy decision making and facility layout planning in the presence of multiple products. It simultaneously takes into account (i) the costs of product outsourcing, and (ii) the impact of facility layout on the production costs of individual products, leading to a managerial decision which is jointly optimal from both perspectives: choosing a production range and a facility layout. To focus on the main effects of such integrated decision making, we assume that the make-or-buy decision has no influence on the process and resource planning, so that the second decision level of the tactical production planning shall not be part of our analysis. However, in Section 6 we explain how this decision level can be integrated into the proposed decision-making approach. The rest of the paper is structured as follows. In Section 2 we briefly review the relevant literature. Section 3 describes the problem under study and the modeling approach. In Section 4 we study basic properties of the optimal planning decisions and illustrate them on a numerical example. Section 5 presents a solution approach based on the linearization of the underlying optimization problem. In Section 6 we conclude with a summary and an outlook.
Literature review
Facility layout planning comprises a broad range of planning tasks (cf. Tompkins et al., 2010 ) of which we restrict our attention in the present work to those of them that are represented by the FLP. The Quadratic Assignment Problem (QAP) of Koopmans and Beckmann (1957) can be considered as one of the earliest models which suits several common variants of facility layout problems. The QAP is an integer quadratic optimization problem, which models the task of optimally assigning a number of interconnected objects to a number of given locations by minimizing the distance-weighted connection intensity (manifested e.g. in the resulting material flow) between the objects. Subsequent research introduced several additional aspects to this problem setting, such as specific layout configurations and special handling devices (e.g. Afentakis, 1989, Kouvelis and Chiang, 1992; Braglia, 1996) , and demonstrated a range of applications of the QAP in diverse facility layout planning contexts, e.g. in universities (Dickey and Hopkins, 1972) , hospitals (Elshafei, 1977) and forest zoning (Bos, 1993) . The QAP is considered to be one of the most popular models of the FLP (Loila et al., 2007) .
The QAP is often solved by its reduction to an (mixed-)integer linear program ((M)ILP). The most often cited reason for this is to obtain better interim solutions within problem-specific solution procedures to increase their efficiency or to form the basis for new solution approaches. The linearization of Lawler (1963) is one of the first approaches to obtaining lower bounds for this purpose. Kaufman and Broeckx (1978) provide another linearization for obtaining lower bounds when applying Benders' decomposition (Benders, 1962) . This linearization was improved by Xia and Yuan (2006) as well as Zhang et al. (2013) . Also Bazaraa and Sherali (1980) use their linearization with Benders' decomposition. Christofides et al. (1980) provide a linearization to reduce complexity in the solution process of large-scale instances by means of a decomposition approach. Frieze and Yadegar (1983) apply a Lagrange relaxation to their linearization in order to tighten the bounds. Adams and Johnson (1994) provide another linearization to further improve the bounds. Helber et al. (2014) apply a fix-and-optimize heuristic (Helber and Sahling, 2010) to their linearization of the QAP.
In comparison to the different variants of FLPs, where the intensity of the material flow between the objects is pre-defined, only a few contributions mention variable material flow between the objects. A multi-period setting was investigated for the first time by Rosenblatt (1986) . Such problem settings are called dynamic facility layout problems, as the material flow is specified for each individual period. A fuzzy representation of a variable material flow (e.g. Grobelny, 1987; Dweiri and Meier, 1996; Enea et al., 2005 ) and a scenario-based robustness analysis (Rosenblatt and Lee, 1987) are examples of including a restricted knowledge about the material flow intensity into the facility layout planning. Still, the decision maker cannot influence the actual realization of the flow intensity in these problem settings.
Note that the decision maker can however influence the flow intensity by varying the production range -e.g., by outsourcing the production of certain products (see e.g. Gunasekaran et al., 2015 , for a comprehensive discussion of outsourcing decision making). In order to evaluate such opportunity, the material flow needs to be considered at the product level. We are aware of an only study that adopts this perspective in the context of facility layout planning -that by Bazaraa and Sherali (1980) , based on the earlier work by Graves and Whinston (1970) . However in their problem setting, the production range is not subject to change. To our best knowledge, the present work is the first one to address makeor-buy decisions and facility layout planning within an integrated approach.
For a more profound insight to the different problems setting in FLPs please see Singh and Sharma (2006) as well as Drira et al. (2007) .
3 The integrated make-or-buy and facility layout problem
Problem description and modeling assumptions
Consider a company which has to satisfy the given demand for a set P of products within a specific period. The length of this period corresponds usually to the range of tactical production planning which depends on the industry and spans typically a number of years. The entire demand for each single product can either be produced in-house or purchased from an outside supplier. As in most of FLPs studied in the literature, we assume that the demand is deterministically known (cf. Drira et al., 2007) . The respective make-or-buy decision with regard to product pP  is represented by the variable {0;1} p q  . To make the products inhouse, it is necessary to arrange a set I of objects (e.g. equipment units or machines) on the set K of locations within the facility. For brevity, we will refer to the objects as machines. Every machine can be placed on any location; one location can accommodate at most one machine. For this reason,  IK is required. The decision about the assignment of machine i to location k is represented by the variable {0;1} ik u  . Determining their values for all , ik defines therefore the layout of the facility. We assume that set I of machines to be located is not affected by the make-or-buy decision. As an example, consider a joinery that ships furniture products to a retail chain. ( 0) p q  , the entire demand for this product has to be met via outsourcing at the cost p c . In general, p c should represent the total cost of procuring the entire demand volume of product p from an external supplier, less any savings realized due to not producing product p in-house -so that p c can also be negative. To simplify the exposition, we further assume that the production costs of any product, except for that part of theirs which results from the material flow within the facility layout, remain unaffected by the make-or-buy decision.
It should be noted that the total procurement costs are determined in the industry practice by a broad range of factors, both financial and non-financial, e.g. the purchase price, supplier service level, monitoring costs, and alliances' risk perspectives, to name a few (see Gunasekaran et al., 2015) . For the purposes of the present study we assume that the outsourcing cost p c , pP  , accounts in our model for all relevant procurement cost factors. Alternatively, it can be interpreted as a penalty cost for not producing the respective product at all.
The objective is to minimize the total costs of sourcing by choosing between production and outsourcing for each product p , as represented by variables ,  p q p P , and a choosing a facility layout represented by variables ,,  ik u i I k K . This defines the integrated make-or-buy and facility layout problem.
Model statement
The following optimiziation problem seeks to determine the optimal solution of the integrated make-or-buy and facility layout problem:
{0,1} ;
Problem (1)- (5) is an extension of the QAP. The first part of (1) represents the total material flow costs of in-house production. Specifically, if machine i is assigned to location k and machine j is assigned to location l , then 1 ik jl uu  . Should product p be made in-house ( 1) p q  , the cost of material flow between machines i and j associated with that product must be taken with the factor kl d , which accordingly represents the distance between the machines. The second part of (1) expresses the total costs of outsourcing the products, which are not produced in-house. The total of material flow costs and outsourcing costs has to be minimized. Constraints (2) and (3) express that each machine is assigned to exactly one location and that at most one machine is assigned to each location. Constraints (4) and (5) define the feasible range of decision variables. Note that (1)- (5) is a non-convex integer optimization problem with a cubic objective function, I K P  binary variables and IK  linear constraints.
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In the next section we derive basic properties of optimal solutions of problem (1)- (5) and illustrate them by a numerical example.
Properties of optimal make-or-buy and facility layout decisions

Superadditivity of minimum flow costs
In this section we establish a basic property of material flow costs induced by a subset of products in their respectively optimal facility layout: This property states that merging two subsets of products for in-house production cannot reduce the material flow costs -compared to the total of these costs which would have arisen if each subset of products would have been produced in isolation on the respectively optimal layout. This property can be described as superadditivity of the material flow costs in the respectively optimal layout as a function of the set of products made in-house. Let SP  be a non-empty set of products and . Consequently, the value of p q for pP  is not vari-1 Note that integrality of make-or-buy decision variables expressed by constraint (5) can be relaxed, meaning essentially that any product demand can be shared between in-house production and outsourcing. This would render the problem under study to an integrated make-and-buy and facility layout problem. It can however be shown that such relaxation does not improve the optimal objective value in (1). We omit the detailed proof here for reasons of space. Z . This leads to the assertion of the proposition.  This property implies that, compared to the exclusive in-house production of the entire set P , it can be more economically to restrict the set of products made inhouse to S in order to achieve savings in material flow costs of the magnitude
. However this will lead to outsourcing costs of The above exposition makes clear that optimal make-or-buy decisions depend on the trade-off between complexity and material movement costs on the one hand and outsourcing costs on the other. The following section analyses accordingly the structure of optimal make-or-buy decisions.
Structure of optimal make-or-buy decisions
Below we investigate the dependence of optimal make-or-buy-decisions on the costs of outsourcing. We will describe this dependence as optimal make-or-buy decision policy. To analyze its structural properties we will focus on the case {1, 2} P  and vary the outsourcing 
Proof: If the condition of case a) holds then outsourcing of each product is cheaper than its exclusive in-house manufacturing on the respectively optimal layout. Note that there are four possible make-or-buy decisions:
Solving the problem (1)- (5) As the figure illustrates, case a) applies when neither the exclusive in-house production of product 1, nor that of product 2 is cheaper than outsourcing the respective product. Therefore both products will be purchased from the external supplier, which results in costs 12 cc  . If * 11  cZ , case b) applies. In this case, outsourcing is more expensive than exclusive in-house production of product 1. Therefore product 1 will be produced and product 2 will be purchased if In this case, production of both products on a shared optimal layout is cheaper than outsourcing any of the products -despite of the existence of possible complexity costs. So both products will be produced at the cost * P Z .
Numerical example
In the following example we consider a facility with six locations arranged in a row. Between two adjacent locations, the distance amounts to one distance unit. If there are n locations between any two given locations, then the distance between the given two amounts to 1 n  distance units. Six machines have to be located. The product set is given by   1, 2 P  . Product 1 passes the machines in the fol-lowing order: 1-2-3-4-5-6, for the second product this order is respectively 5-2-3-4-1-6. The direct transfer of a product from one machine to another results in material flow costs of one currency unit per distance unit. If a layout exists, which is optimal for both products in exclusive in-house production, then the boundary between areas B and C collapses to a point; there are no complexity costs in this case.
Note that other FLPs investigated in the literature are not equipped with the possibility to outsource products. But as shown on the left-hand part of Figure 4 .1, it might be an economically attractive option because of the possible presence of complexity costs.
It may be impractical or impossible to derive optimal make-or-buy and facility layout decisions for larger instances of problem (1)-(5) using a general-purpose solver as it represents an integer non-convex optimization problem. An established solution approach which guarantees an exact solution or at least a guaranteed quality of approximate solutions consists in the reduction of the problem at hand to a mixed integer linear program and solving it with respective state-of-the-art methods. This approach will be pursued in the following section.
Solution approach via linearization
On the first sight, it appears logical to use one of the existing linearizations of the QAP to solve problem (1)-(5) by transforming it to a MILP. A closer examination however reveals that the available linearizations cannot serve this purpose, or do so only to a limited extent.
With regard to the additional variables and constraints, the linearization of Kaufmann and Broeckx (1978) is known as the most compact, thus as the most efficient formulation. However adopting their linearization technique for the purpose of linearizing problem (1)-(5) would lead to quadratic constraints in the resulting optimization problem. Their linearization is further only suitable for QAPs with a symmetric distance matrix, what cannot be assumed for facilities with special handling devices, e.g. a directed loop layout (Drira et al., 2007) . The other known linearization approaches will lead to a quadratic objective function with a relatively high number of additional variables and constraints.
For the above reasons, we propose a new linearization approach which reduces (1)-(5) from a problem with a cubic objective function to the following mixed-integer linear program: the magnitude of complexity costs by conducting a numerical study in a variety of settings. Furthermore, it would be of interest to address the following problem settings in the future research: Division of labor between multiple facilities of the company, planning over product life-cycles, as well as problem settings with supply-or demand-side uncertainties. Last but not least, it is essential to develop efficient heuristic solution methods for the problem under study.
